ABSTRACT. We obtain nontrivial solutions for semilinear elliptic boundary value problems with jumping nonlinearities that have resonance with respect to the Fučík spectrum of the asymptotic part both at zero and at infinity.
INTRODUCTION
Let Ω be a smooth bounded domain in R n and let A be a selfadjoint operator on L 2 (Ω) with compact resolvent and eigenvalues 0 < λ 0 < λ 1 < · · · . The Fučík spectrum Σ of A is defined to be the set of those points (a, b) ∈ R 2 for which the problem (1.1)
has a nontrivial solution, where u ± = max{±u, 0}. In this paper we consider semilinear problems of the form (1.5) with both (a 0 , b 0 ) and (a, b) in Σ, and allow (1.6) p(x, t) := f (x, t) − bt + + at − to be unbounded. A particular case of interest is where (a 0 , b 0 ) and (a, b) are the same point of Σ. The linear case a 0 = b 0 = λ = a = b was recently considered by Li and Zou [13] , Su and Tang [24] , and the authors [17] . Here we consider the general case, which is more difficult since there is no eigenspace to work with. We refer the reader to Costa and Cuesta [4] and Schechter [20] for problems that have resonance only at infinity. The Fučík spectrum has been shown to consist, at least locally, of curves emanating from the points (λ , λ ) (see, e.g., [2, 5, 6, 8, 9, 10, 11, 12, 14] ). It was shown in Schechter [21] that in the square Q := (λ −1 , λ +1 ) 2 there are two curves C 1 , C 2 (possibly coinciding) in Σ that are decreasing and pass through (λ , λ ) such that the region below the "lower" curve C 1 and the region above the "upper" curve C 2 are free of Σ. When the curves do not coincide, the status of the points between them is unknown in general. It was shown in Gallouët and Kavian [9] that they are not in Σ when λ is a simple eigenvalue. On the other hand, C. and W. Margulies [15] have constructed examples in which there are numerous curves in Σ emanating from (λ , λ ) when λ is a multiple eigenvalue (of course, such curves must lie between C 1 and C 2 ).
We now state our main result. Let 8) where p(x, t) is given by (1.6). We assume that
Concerning the behavior of the nonlinearity f (x, t) near t = 0, we will assume that either (1.12) for some δ > 0. We have the following result. Note that (a, b) can be on either of the curves C j , or it can be a point between them (when there are points in Σ in that region). Note also that we may take (a 0 , b 0 ) and (a, b) to be the same point on C 2 .
We explicitly remark that we do not assume p(x, t) grows sublinearly. For example, (1.9) and (1.10) 14) and 
(ii) m ≠ − 1 and
for some δ > 0.
As is well known, solutions of (1.2) are the critical points of the C 1 functional
where
The main abstract tool used in the proof of Theorem 1.1 is a variant of the local linking condition introduced by the first author in [16] , which we will recall in Section 3 after preliminary work in Section 2. Theorem 1.1 is proved in Section 5. Let us also mention that in the nonresonance case the authors have obtained a nontrivial solution provided that the nonlinearity f (x, t) "crosses" some curve C j (see [17, 18, 19] 
3)
The following lemma was proved in Schechter [21] . 
By (iii) and (iv
, and let C 2 be the upper curve b = µ (a).
Next we describe some manifolds related to the Fučík spectrum and discuss some of their properties. It was shown in Schechter [22] that there are continuous and positive homogeneous maps θ :
are the unique solutions of
respectively. Let
(2.12)
by (2.4) and hence (2.14) sup
is a radial manifold modeled on the eigenspace E(λ ), more specifically, there are continuous and positive homogeneous maps ξ :
(see Lemma 3.1 of Perera and Schechter [17] ). We denote by B the closed unit ball in D with boundary S and set
The main result of this section is the following.
Lemma 2.2. Let
Here and elsewhere in the paper H * andȞ * denote the singular homology andČech cohomology groups, respectively.
Proof of Lemma 2.2. Since
is convex in w ∈ M for each fixed v ∈ N , and hence the mapping
is a strong deformation retraction of the pair
where 
is homotopic to the unit ball and its boundary in N ,
so it follows from the exactness of (2.20) that
where ξ is as in (2.15), is a strong deformation retraction ofŜ + 2 ontoŜ + . We have to show that
First we note that 
The conclusion follows from (2.19), (2.31), (2.23), and (2.28). 
Ë
We will also need the following lemma from Perera and Schechter [19] .
Lemma 2.4. Assume that 0 is an isolated critical point of the functional
for r > 0 sufficiently small.
HOMOLOGICAL LOCAL LINKING
The following variant of the local linking condition was introduced in Perera [16] . Proof. If (1.11) holds, we take (3.4) with r > 0 as in (i) of Lemma 2.4, so that G ≤ 0 on B and G > 0 on S \ {0}. The mapping
is a strong deformation retraction of U\S onto A and hence the rank of
with r > 0 as in (ii) of Lemma 2.4, so G ≤ 0 on B and G > 0 on S \ {0}. The mapping
is a strong deformation retraction of U \ S onto A, and hence the rank of
We use the following "compactness condition": Let ψ(t) be a positive nonincreasing function on (0, ∞) satisfying (3.11)
We say that G satisfies (ψ) c if any sequence {u k } ⊂ E satisfying (3.12)
has a convergent subsequence. If this holds for every c ∈ R, we say that G satisfies (ψ). This reduces to the usual Palais-Smale condition for ψ(t) ≡ 1 and to a condition introduced by Cerami [3] for ψ(t) = 1/(1+t). We will prove Theorem 1.1 using the following critical point theorem. 
where a < 0 is such that G has no critical points in the sublevel set G a = {u ∈ E | G(u) ≤ a} (see Bartsch and Li [1] ). Right hand side of (3.13) is independent of the choice of a by the following deformation lemma.
(3.14)
consists only of isolated points, and G has no critical values in
(a, b), then G a is a strong deformation retract of G b \ K b .
Proof. First we note that
Thus K a consists of a finite number of points. Moreover, the definition of (ψ) c implies that for each ρ > 0 there is a δ > 0 such that
There exists a locally Lipschitz continuous pseudo-gradient X(u) such that
Thus there is a
For otherwise there would be sequences {t j }, {s j } converging to T u such that
Hence,
providing a contradiction. We define σ (T u )u = w, and note that T u is continuous in this case as well. To see this, assume that
Consequently,
Let t → T u . Then we have,
and consequently,
showing that 
But the critical group C q (G, 0) ≠ 0 since G has a local linking near 0 (see Theorem 3.1 of Perera [16] ). 
By (2.6) and (2.
Proof of Lemma 4. 
Now, (4.9)
where α < 0 is such that G has no critical points in
by (4.8). Fix
Then (4.12)
We will construct a strong deformation retraction of S − onto G α . But S − is a strong deformation retract of D − since I is positive homogeneous, so it follows that (4.13)
and (4.1) is immediate from Lemma 2.2. SinceŜ + is a subset of the 
by (1.9) and (4.11), so there is a unique 
Furthermore, it follows from (4.15) and the implicit function theorem that the map t 0 :
So we can define a strong deformation retraction Proof. We have A standard argument now shows that it has a convergent subsequence (cf., e.g., Schechter [23] ). 
